ABSTRACT. We introduce the notion of numerical semigroups generated by concatenation of arithmetic sequences and show that this class of numerical semigroups exhibit multiple interesting behaviours.
INTRODUCTION
A numerical semigroup Γ is a subset of the set of nonnegative integers N, closed under addition, contains zero and generates Z as a group. It follows that (see [6] ) the set N \ Γ is finite and that the semigroup Γ has a unique minimal system of generators n 0 < n 1 < · · · < n p . The greatest integer not belonging to Γ is called the Frobenius number of Γ, denoted by F (Γ). The integers n 0 and p + 1 are known as the multiplicity m(Γ) and the embedding dimension e(Γ), of the semigroup Γ. The Apéry set of Γ with respect to a non-zero a ∈ Γ is defined to be the set Ap(Γ, a) = {s ∈ Γ | s−a / ∈ Γ}. The numerical semigroup Γ is symmetric if F (Γ) is odd and x ∈ Z \ Γ implies F (Γ) − x ∈ Γ.
Let e ≥ 4 be an integer. It is still not completely understood whether thr symmetric property of Γ ensures that the cardinality of a minimal presentation of Γ with embedding dimension e is a bounded function of e. This was answered in affirmative by Bresinsky for e = 4 in [2] , and for certain cases of e = 5 in [3] . Rosales [8] constructed numerical semigroups for a given multiplicity m and embedding dimension e, which are symmetric, and showed that the cardinality of a minimal presentation of these semigroups is a bounded function of the embedding dimension e. On the other hand, Bresinsky produced a class of examples in embedding dimension 4 such that the cardinality of a minimal presentation is unbounded. Let us recall Bresinsky's examples of monomial curves in A 4 , as defined in [1] . Let q 2 ≥ 4 be even; q 1 = q 2 + 1, d 1 = q 2 − 1. Set n 1 = q 1 q 2 , n 2 = q 1 d 1 , n 3 = q 1 q 2 + d 1 , n 4 = q 2 d 1 . It is clear that gcd(n 1 , n 2 , n 3 , n 4 ) = 1.
We now introduce the notion of concatenation of two arithmetic sequences. Let e ≥ 4. Consider the sequence of positive integers a < a + d < a + 2d < . . . < a + (n − 1)d < b < b + d < . . . < b + (m − 1)d, where m, n ∈ N and gcd(a, d) = 1. Let us assume that this sequence minimally generates the numerical semigroup Γ = a, a+d, a+2d, . . . , a+(n−1)d, b, b+d, . . . , b+ (m − 1)d . Then, Γ is called the numerical semigroup generated by concatenation of two arithmetic sequences with the same common difference d. Bresinsky's examples defined in the previous paragraph fall under this category after a renaming of the integers. In fact, we stumbled upon the notion of concatenation while understanding Bresinsky's examples well from the perspective of seeking conditions on a numerical semigroup Γ which ensures an upper bound on the cardinality of a minimal presentation of Γ with embedding dimension e. Moreover, it is still not known whether one can define a non-degenerate class of monomial curve in the affine space A e such that the defining ideal requires an unbounded number of generators.
In this article, we study three interesting classes of numerical semigroups which are generated by concatenation of two arithmetic sequences. In section 2, we give a family of such numerical semigroups such that the cardinality of minimal presentation is a bounded function of the embedding dimension e. In section 3, we produce another family which are symmetric numerical semigroups and the cardinality of minimal presentation is a bounded function of the embedding dimension e. In section 4, we give a family of numerical semigroups which possibly require an unbounded number of minimal presentations. We end with a conjecture.
NUMERICAL SEMIGROUPS GENERATED BY CONCATENATION OF
ARITHMETIC SEQUENCES WITH EMBEDDING DIMENSION e AND MULTIPLICITY e + 1
Let e ≥ 4 be an integer; a = e + 1, b > a + (e − 3)d, gcd(a, d) = 1 and d ∤ (b−a). Let M = {a, a+d, a+2d, . . . , a+(e−3)d, b, b+d}, which forms a minimal generating set for the numerical semigroup Γ e (M), generated by the set M. We calculate the Apéry set and the Frobenius number of Γ e (M). We also show that the minimal number of generators for the defining ideal p of the affine monomial curve parametrized by x 0 = t a , x 1 = t a+d , . . . , x e−3 = t a+(e−3)d , x e−2 = t b , x e−1 = t b+d is a bounded function of e.
Apéry Set for Γ e (M).
Theorem 2.1. Let e, a, b, d, M be as above. Let us write d ≡ i(mod a).
We have to find one extra element, say s, in Ap(
, which is not possible. We now consider the following cases:
Therefore, 4 ≡ (m 1 +2m 2 +3m 3 ) (mod 5), and we get (m 1 +2m 2 +3m 3 ) ≥ 4, and hence s ≥ 2b. Here we use the fact,
Therefore, 2 ≡ (m 1 + 3m 2 + 4m 3 ) (mod 5), and we get (
is the new element in Ap(Γ e (M), a). We have,
We first note that b
, which is not possible. We now consider the cases b ≡ (a − 3)i (mod a) and b ≡ (a − 2)i (mod a):
, and s ≡ (a − 1)i (mod a). We also note that (a + b + 2d) ≡ (a − 1)i (mod a) and
where m k ≥ 0, for every 1 ≤ k ≤ a − 2. Therefore,
We discuss this case through the following subcases: 
, where
,
then it contradicts the fact that M is a minimal generating set for Γ e (M). ( 
for some c 1 ≥ 0. Substituting the values we get 
. Now 41 = 13 + 28 = 20 + 21, since ε 1 + ε 4 > ε 2 +ε 3 with respect to lexicographic order, we have τ (41) = ε 1 +ε 4 . Therefore,
Again,
If we take α = ε 2 , and i = 3 then 
Proof. The result follows by an application of the [6, Proposition 2.12], which says that 
2.2.
Minimal generating set for the defining ideal. Let us handle the case e = 4 first. Let Γ be a numerical semigroup minimally generated
∈ Ap(Γ, n 0 )} and
with respect the usual order of Z 4 ≥0 . For every i ∈ {1, . . . , t}, we define
, by Theorem 1 in [7] . There exist (β i0 . . . , β i3 ) ∈ Z 4 ≥0 , with β i0 = 0, such that φ(x i ) = β i0 n 0 + β i1 n 1 + β i2 n 2 + β i3 n 3 . For every i ∈ {1, . . . , t}, define
Lemma 2.4. Suppose that every element of Ap(Γ, n 0 ) has a unique expression, then the set ρ = {(x 1 , y 1 ), . . . , (x t , y t )} is a minimal presentation of Γ.
Proof. See Theorem 1 in [7] .
Therefore, every element of Ap(Γ 4 (M), 5) has a unique expression.
Proof. It is enough to show that 2b has a unique expression.
. This is not possible because the generating set is minimal.
, which is not possible. From (i) and (ii) it is clear that 2b is uniquely expressed in terms of generators of the numerical semigroup. In this case,
. Therefore, the cardinality of a minimal presentation of Γ 4 (M) is 6. Therefore, a minimal presentation of Γ 4 (M) is given by
where φ(3ǫ 1 ) = φ(y 1 ), φ(2ǫ 2 ) = φ(y 2 ), φ(2ǫ 3 ) = φ(y 3 ), φ(ǫ 1 +ǫ 2 ) = φ(y 4 ), φ(ǫ 1 + ǫ 3 ) = φ(y 5 ) and φ(ǫ 2 + ǫ 3 ) = φ(y 6 ). Therefore, the cardinality of a minimal presentation of Γ 4 (M) is 6. Lemma 2.6. Let e ≥ 5, then
is a minimal generating set for p(M) and µ(p(M)) = e(e − 1) 2 − 1.
Proof. We use the results in [10] to find a minimal generating set for p(M). Let us write n i = a + id, for 0 ≤ i ≤ e − 3, n e−2 = b and n e−1 = b + d. We consider two main cases:
First we assume that b ≡ (a − 3)i(mod a), where d ≡ i(mod a). Then, = {ǫ 1 , ǫ 2 , . . . , ǫ e−2 , ǫ e−1 } . . .
. . , ǫ e−2 , ǫ e−1 } B ′ e−1 = {ǫ 2 , . . . , ǫ e−3 , ǫ e−2 , ǫ e−1 } Now, since f (ǫ j , i) = f (ǫ i , j), using Theorem 3.7 in chapter 3 of [10] we obtain that the set
generates the defining ideal p(M). The elements of G are of the following forms:
where, h i := deg(2ǫ i ) and 1 ≤ i ≤ e − 1.
, where h ij := deg(ǫ i + ǫ j ) and 1 ≤ i ≤ e − 1, i < j ≤ e − 1. Now, our claim is that G is also a minimal generating set for the ideal p(M).
Case (i). Consider
f i = x 2 i − x τ (h i ) = e−1 l=1,l =i α l (x 2 l − x τ (h l ) ) + e−1 l,k,k>l α lk (x l x k − x τ (h lk ) ) = e−1 l=1,l =i α l x 2 l + e−1 l,k,k>l α lk x l x k I − e−1 l=1,l =i α l x τ (h l ) + e−1 l,k,k>l α lk x τ (h lk )
II

From the above equation it is clear that x 2
i can occur only in part II of the above equation. Now we consider the following cases:
, then 2n l = n i , which is a contradiction. If f lk = x l x k − x i , then n l + n k = n i gives a contradiction to the minimality of the generating set M.
Case (b).
Suppose that α l = c l and α lk = c lk , for some 1 ≤ l < k ≤ (e−1), where c l , c lk ∈ K. Therefore, either
e is the unique maximal element of degree 2n i , we have
. Which gives f i = 0, which contradicts part (iv) of the Lemma 3.6 in chapter 3 of [10] . Therefore the set {f i | 1 ≤ i ≤ (e − 1)} is a subset of a minimal generating set.
Case (ii). Consider
f ij = x i x j − x τ (h ij ) = e−1 l=1 α l (x 2 l − x τ (h l ) ) + e−1 l,k,k>l,l =i, α lk (x l x k − x τ (h lk ) ) + e−1 k>i,k =j α ik (x i x k − x τ (h ik ) ) = e−1 l=1 α l x 2 l + e−1 l,k,k>l,l =i α lk x l x k I − e−1 l=1 α l x τ (h l ) + e−1 l,k,k>l,l =i α lk x τ (h lk ) + e−1 k>i,k =j α ik x τ (h ik )
II
We note that x i x j can occur only in the part II of the above equation. Then following cases will occur.
Case (a). Suppose that α l = c l x i or α lk = c lk x i , where c l , c lk ∈ K, for some 1 ≤ l < k ≤ (e − 1). Then, we must have:
Each case gives a contradiction to the fact that M is a minimal generating set of Γ e (M).
Case (b).
Suppose that α l = c l x j or α lk = c lk x j , where c l , c lk ∈ K, for 1 ≤ l < k ≤ (e − 1). A similar argument works for this case. Now, let us assume that α l = c l and α lk = c lk , where c l , c lk ∈ K, 1 ≤ l < k ≤ (e − 1). Then, one of these must hold:
e is the unique maximal element of degree 2n l , therefore x τ (2n l ) = x τ (n i +n j ) = x i x j . This gives f j = 0, which is a contradiction to the Lemma 3.6 in chapter 3 of [10] .
e being the unique maximal element of degree (n i + n j ), we have X τ (n l +n k ) = X τ (n i +n j ) = x l x k . This gives f ij = 0, which is a contradiction to the Lemma 3.6 in chapter 3 of [10] . Lastly, if f ik = x i x k − x i x j , then it leads to a contradiction to the minimality of the generating set M of the semigroup Γ e (M).
Therefore, the set {f ij | 1 ≤ i ≤ e − 1, i < j ≤ e − 1} is a subset of a minimal generating set G. From the cases (i) and (ii), it is clear that G forms a minimal generating set for the ideal p(M). It can be easily seen that the cardinality of the set G is
We now assume that b ≡ (a − 2)i (mod a), where d ≡ i(mod a). Then, By a similar argument as in the previous case, the set
forms a minimal generating set for defining ideal p(M).
Example 2.7. Let Γ 5 be as in 2.2, we use GAP computer algebra system [9] to compute τ (s), then
forms a minimal generating set p(M).
SYMMETRIC NUMERICAL SEMIGROUPS GENERATED BY CONCATENATION OF ARITHMETIC SEQUENCES
In this section we construct a class of symmetric numerical semigroup of embedding dimension e ≥ 4, which is a generalisation of Rosales' result, in the sense that if we consider the case d = 1 it gives Rosales' construction given in [8] . We prove that the cardinality of a minimal presentation of the semigroup is a bounded function of the embedding dimension e. 
The set T is a minimal generating set for the numerical semigroup Γ (e,q,d) (T ) generated by T .
Proof. First of all it is easy to see that both the semigroups Γ (e,q,d) (S) and Γ (e,q,d) (T ) are numerical semigroups and that follows from the simple observation that gcd(m, m + d) = 1. We now prove that both S and T are minimal.
(1) Suppose that (q + 1)m + (q + 2)d = x 1 m + x 2 (m + d), where x 1 , x 2 ≥ 0 are integers. Since x 1 , x 2 both are positive we have x 2 < q+2. The equation (x 1 + x 2 − (q + 1))m = (q + 2 − x 2 )d and the fact that gcd(m, d) = 1 implies that x 2 = q + 2 − lm, for some integer l ≥ 0. If l > 0 then x 2 < 0 gives a contradiction. If l = 0 then x 2 = q + 2 also contradicts the fact that x 2 < q + 2. Therefore, (q + 1)m + (q + 2)d does not belong to the semigroup generated by m and m + d.
Similarly, assume that
where x 1 , x 2 , t i are nonnegative integers. Then, we can write
i=2 t i (q + i)) and therefore x 1 = 1 − k < 0, which also gives a contradiction.
(2) The proof is similar as in (i). 
The Frobenius number of Γ (e,q,d) (S) is 4q 2 +(2e+2d+4)q+e(d+1)+1. (2) The Apéry set Ap (Γ (e,q,d ) , m)(T ) for the numerical semigroup Γ (e,q,d) (T ) with respect to the element m is γ 1 ∪ γ 2 , where
The Frobenius number of
Proof.
(1) Since gcd(m, d) = 1, it is easy to see that the elements of β 1 ∪ β 2 ∪ β 3 form a complete residue system modulo m. Again S is minimal generating set for Γ (e,q,d) (S), therefore elements of S occur in the Apéry set Ap(Γ (e,q,d) (S), m). Now we show that
By induction hypothesis we have
This proves that β 2 ⊂ Ap(Γ (e,q,d) (S), m).
Let us consider
This can be rewritten as
which is clearly nonnegative, since j ≤ q+1. Therefore β 2 ⊂ Ap(Γ (e,q,d) (S), m). Finally, β 3 ⊂ S and therefore β 3 ⊂ Ap(Γ (e,q,d) (S), m).
Note that a maximal element of the Apéry set is (q + 1)(e + 2q + d + 1) + 2q 2 + (e + 3 + d)q + e + (e − 1)d + 1. Therefore, the Frobenius number of Γ (e,q,d) (S) is 4q 2 + (2e + 2d + 4)q + e(d + 1) + 1.
(2) The proof for proving that the set γ 1 ∪ γ 2 is the Apéry set for the numerical semigroup Γ (e,q,d) (T ) with respect to m is similar as in (i). We observe that, max γ 1 = 2q 2 + (e + 1)q + (q − e − 4 2 + e − 3)d + e 2 and max γ 2 = (e + 2q + d)(2q + 1). Therefore max γ 2 − max γ 1 = 2q 2 + qd + 3e 2 + 3q + 2d − ed 2 > 0, since q ≥ e − 4 and e ≥ 4.
Hence, the Frobenius number of Γ (e,q,d) (T ) is (e + 2q + d)2q + d. 
Putting in the value of w∈Ap(Γ (e,q,d) (S),m) w and m = e + 2q + 1 in the expression for g(Γ (e,q,d) (S)), we get the desired relation between the gap and the Frobenius number. Hence the numerical semigroup Γ (e,q,d) (S) is symmetric.
(2) The proof is similar as in (1).
(1) Case A. Let n i +k ′ (m+d) = k(m+d)+(q +1)m+(q +e−1)d, for some fixed k ∈ {1, . . . , q} and k ′ ∈ {1, . . . , q + 1}. From the above equation we have
We consider the the following possibilities: 
for some fixed k ∈ {1, . . . , q} and k ′ ∈ {1, . . . , q + 1}. Since gcd(m, d) = 1, we have d | (q + 1 + (k ′ − k)). Therefore, q + 1 + k ′ − k = ℓd, and we get
We consider the the following possibilities: has a unique expression. Proof. Proof is essentially the same as in Proposition 7 and Proposition 8 in [8] .
Remark. Our result support the conjecture that the symmetric condition on numerical semigroup put a bound on the cardinality of minimal presentation of numerical semigroup.
NUMERICAL SEMIGROUPS GENERATED BY CONCATENATION OF ARITHMETIC SEQUENCES WITH UNBOUNDED MINIMAL PRESENTATION
Lemma 4.1. Let e ≥ 4, n ≥ 5 and q ≥ 0. Let us define m i := n 2 + (e − 2)n + q + i, for 0 ≤ i ≤ e − 3 and m e−2 := n 2 + (e − 1)n + q + (e − 3), m e−1 := n 2 + (e − 1)n + q + (e − 2). Let S (n,e,q) = m 0 , . . . , m e−1 , then {m 0 , . . . , m e−1 } is a minimal generating set for the semigroup S (n,e,q) .
Proof. It is easy to observe that m i + m j > m k for 0 ≤ i, j, k ≤ e − 1. Therefore {m 0 , . . . , m e−1 } is a minimal generating set for the semigroup S (n,e,q) .
Let e ≥ 4, n ≥ 5, q ≥ 0 and Q (n,e,q) ⊂ k[x 0 , . . . , x e−1 ] be defining ideal of S (n,e,q) . Conjecture 4.3. The set {h 0 , . . . , h n+1 } a part of a minimal generating set for the ideal Q (n,e,e−4) ⊂ k[x 0 , . . . , x e−1 ], hence µ(Q (n,e,e−4) ) ≥ n + 2. Moreover, the set {µ(Q (n,e,q) ) | n ≥ 5, e ≥ 4, q ≥ 0} is unbounded above.
